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HEAT EXCHANGE IN THERMALLY INITIAL PORTION OF TUBE
WITH VARIABLE WALL TEMPERATURE

S. L, Moskovskii UDC 536.242:517,516

An asymptotic solution is obtained for the laminar heat-exchange problem with variable wall
temperature,

The heat problem for the boundary layer on the surface whose temperature follows the law
Tw = To + Axv s (1)

possesses a self-similar solution; it was studied in detail in [1] primarily by asymptotic methods,

The thermally initial portion of the tube where the liquid temperature varies from its value at the wall
Ty, to the temperature of the flow core, Ty, isequal to the incoming temperature; this takes place in the region
6 «d (see Fig. 1), and can be analyzed in the same way as a boundary layer; the self~-similar solution of the
heat problem can also be obtained.

In the case of Ty, = const [y = 0 in (1)] this solution was obtained first by Leveque {2]. Attempts to
generalize this solution to the variable case were made by Leveque himself [2] and also by others in [3, 4]
although Nu as a function of y was not available as is the case in a boundary-layer problem,

In the present article the Leveque solution is directly generalized to the case of the wall temperature
following a power law,

The heat equation for the thermally initial portion is given by [5]

LT _, oT ,
pCp ox ay2 : ‘ ( )

In a thin heat-exchange layer the liquid velocity can be regarded as proportional to y:
u = PBy. 3)

In particular, for laminar flow in a circular tube one has [5]

B = 8u/d. : S @
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Fig. 1. Heat-exchange diagram in the thermally
initial portion,

Equation (2) must be solved under the conditions

T=T, for y=0,
T—>Ty fory~ oo.

Adopting (1) for T, we now introduce the dimensionless temperature

0= T—T,
Tp—T,
and the Leveque similarity variable |5]
1= (Oxx)~R y,
where
% = AM(Bpc,)-

Then (2) becomes an ordinary differential equation (primes denoting differentiation with respect to )

6" -+ 31%’ — 9y = 0.

The conditions (5) now become

0=1for =0, 60 for 7> oco.
Equation (9) is a particular case of the equation
8" +an'® Lm0 =0

for

which under the conditions (10) yields [6]

— ¥ (0) =

s
—
—_——
w |
|
®|«
VS
—~
w|a
e
) v

Substituting (11) into (12) one obtains
d
—00) =

"(5)r

w[m
S

a+v.

(5+7)

It follows from (1), {6), and (7) that
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(6)

(7)

(8)

)

(10)

(11)

(12)

13)



1

oT AxE _
= "0
( 3y )_.,zo @i O (14)

Introducing the Péclet number,

Pe — %y (15)
A
and the local Nusselt number,
Tw - To
and with the aid of ¢), (8), and (13)-(15), one obtains
2
or _) T(l+9) ;
[ 3 d\3
Nu = - Pe—|°.
gnr(2\r(2 ¥ an
() (5 +)

The formula (17) expresses the Nusselt number for a laminar flow in the thermally initial portion of a
circular tube with the wall temperature following the law (1).

In the particular cases either of v = 0 (wall temperature remains constant), or of y = 1/3 (constant flow),
or v =1 (wall temperature changing linearly) the results which follow from the formula (17) are the same as
those obtained in [3, 4] by employing a different approach,

For v = 0 the formula (17) yields the Leveque solution [5]

1
Nu = 1.077 (Pe _‘i_)ﬁ‘—.
x N

It is noted that in view of the assumption (3) and the form of Eq. (2) the solution (17) is an asymptotic
one and becomes valid for [Pe(d/x)] > 1 [5].

NOTATION

T, temperature of liquid; Ty, wall temperature; T, incoming temperature; A, v, constants [formula (1)];
X, lengthwise coordinate; y, transverse coordinate; &, thickness of thermal boundary layer; p, liquid density;
cp, specific heat; A, thermal conductivity; u, velocity; U, mean velocity; Pe, Péclet number; Nu, local Nusselt
number,
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