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H E A T  

WI  TH 

EXCHANGE IN THERMALLY INITIAL PORTION OF TUBE 

VARIABLE WALL TEMPERATURE 

S.  L .  M o s k o v s k i i  UDC 536.242:517.516 

An asympto t ic  solution is obtained for  the l amina r  hea t -exchange  p r o b l e m  with var iable  wall 
t empe ra tu r e .  

The heat  p rob l em  for  the boundary l aye r  on the sur face  whose t empera tu re  follows the law 

Tw = To § Az~, (1) 

p o s s e s s e s  a s e l f - s i m i l a r  solution; i t  was studied in detai l  in [1] p r i m a r i l y  by asympto t ic  methods.  

The thermal ly  initial  por t ion  of the tube where  the liquid t e m p e r a t u r e  v a r i e s  f r o m  i ts  value at the wall 
T w to the t e m p e r a t u r e  of the flow co re ,  TO, is equal to the incoming t empera tu re ;  this takes p lace  in the region 
5 <<d (see Fig.  1), and can be analyzed in the s ame  way as  a boundary layer ;  the s e l f - s i m i l a r  solution of the 
heat  p r o b l e m  can a lso  be  obtained.  

In the case  of T w = const  [T = 0 in (1)] this solution was obtained f i r s t  by Leveque [2]. At tempts  to 
genera l i ze  this solution to the var iab le  c a s e  were  made  by Leveque h imse l f  [2] and also by o the r s  in [3, 4] 
although Nu as a function of ~/ was  not avai lable  as is the case  in a bounda ry - l aye r  p rob lem . . . .  

In the p r e sen t  a r t i c l e  the Leveque solution is  d i rec t ly  genera l ized  to the case  of the wall  t empe ra tu r e  
following a power  law. 

The heat  equation for  the t h e r m a l l y  init ial  port ion is given by [5] 

OT a~T 
pc,,u a - - ~  = ~ ~ (2) ay ~ 

In a thin hea t -exchange  l ayer  the liquid veloci ty  can be r e g a r d e d  as  p ropor t iona l  to y: 

u = ~ y .  

In p a r t i c u l a r ,  for  l am i na r  flow in a c i r cu la r  tube one has [5] 

(3) 

~ S~/d (4) 
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F i g .  1. H e a t - e x c h a n g e  d i a g r a m  in  the t h e r m a l l y  
i n i t i a l  p o r t i o n .  

Equa t ion  (2) m u s t  be so lved  u n d e r  the cond i t ions  

T = T  w for y = O ,  

T ~ T  o for y ~ oo. 

Adopt ing  (1) fo r  T w we now i n t r o d u c e  the d i m e n s i o n l e s s  t e m p e r a t u r e  

T ~ To 0 =  
T w - -  T o 

and the Leveque  s i m i l a r i t y  v a r i a b l e  [5] 

TI = (9xx) -I/3 y ,  

w h e r e  

x = x/@pcp). 

Then  (2) b e c o m e s  an  o r d i n a r y  d i f f e r e n t i a l  equa t ion  ( p r i m e s  denot ing  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to r/) 

(5)  

(6)  

(7) 

(8) 

The cond i t i ons  (5) now b e c o m e  

O" q- 3rfO' - -  9~TIO = O. (9)  

f o r  

0 = 1 for ~1 = 0 ,  {}---~0 for 

Equat ion  (9) i s  a p a r t i c u l a r  c a s e  of  the equa t ion  

O" + a~120 ' + b~O 0 

a = 3 ,  b = - -  97, 

Ii --~- oo. (lO) 

(11) 

which u n d e r  the cond i t ions  (t0) y i e l d s  [6] 

(12) 

Subs t i tu t ing  (11) in to  (12) one  ob t a in s  

- -  o'  (0) = (13) 

It  fo l lows  f r o m  (1), (6), and (7) tha t  

1 5 6 8  



1 

(9• 

Introducing the P~clet number ,  

P e  = udpcp  

and the local  Nusse l t  number ,  

Nu = - -  (OT/OY)r=~ d 

Tw - -  To 

and with the aid of (4), (8), and (13)-i(15), one obtains 

N u =  2 r ( 3 )  r(l + ' )  

o' (0). (14) 

(15] 

(16) 

| 

The fo rmula  (17) e ~ p r e s s e s  the Nusse l t  number  for  a l amina r  flow in the the rmal ly  init ial  por t ion of a 
c i r cu l a r  tube with the wall  t e m p e r a t u r e  following the law (1). 

In the p a r t i c u l a r  c a s e s e i t h e r  of T = 0 (wall t e m p e r a t u r e  r ema ins  constant) ,  o r  of  ~/ = 1/3 (constant flow), 
or  T = 1 (wall t e m p e r a t u r e  changing l inear ly)  the r e su l t s  which follow f r o m  the fo rmula  (17) a re  the same as 
those obtained in [3, 4] by employing a d i f ferent  approach .  

For  ~/ = 0 the fo rm u l a  (17) yields  the Leveque solution [5] 

It  is  noted that in view of the assumpt ion  (3) and the f o r m  of Eq. (2) the solution (17) is  an asymptot ic  
one and becomes  val id  for  [Pe(d/x)] >> 1 [5]. 

N O T A T I O N  

T, t empe ra tu r e  of liquid; Tw, wall t empera tu re ;  To, incoming t e m p e r a t u r e ;  A, 3~, constants  [ formula (1)]; 
x, lengthwise coordinate;  y ,  t r a n s v e r s e  coordinate;  5, th ickness  of the rmal  boundary layer ;  p, liquid density; 
cp, specif ic  heat;  ~, t he rm a l  conductivity; u, velocity;  ~, mean velocity;  Pe ,  Pdc te t  number;  Nu, local Nussel t  
number .  
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